We consider the steady-state properties of a lattice of three-state, cycling enzyme molecules, with nearestneighbor interactions treated by the Bragg-Williams (mean field) approximation. Only a few particular cases are examined, but these illustrate the rich phase-transition possibilities of this class of systems. "Bifurcation" cases were treated in a previous paper; the present examples are of the nonbifurcation type. However, a few new theoretical properties of bifurcation cases are included.
INTRODUCTION AND GENERAL EQUATIONS
This is the twelfth in a series of theoretical papers on systems of interacting enzyme molecules at steady state. Most of our work has been on two-state molecules, but the previous paper (1) discussed a special "bifurcating" phase transition in-a lattice of one-way, three-state molecules. Our main object here is to present a few nonbifurcation examples from the same class of systems. As a preliminary, however, we give in this section a formulation of the general three-state Bragg-Williams (BW) problem. In the next section, we discuss a few special topics, including some new results on bifurcation cases.
Yi-der Chen and one of us (T.L.H.) are examining two other aspects of one-way, three-state lattices: (i) the BW approximation for an open (fluctuating) system (1, 2) and (ii) exact Monte Carlo calculations on a finite lattice.
We turn now to the general three-state BW problem. The three-state cycle, with first-order rate constant notation, is shown in Fig. 1 . The unperturbed rate constants ( Fig. la) apply to a hypothetical isolated molecule, whereas the perturbed constants ( Fig. lb) refer to a molecule in a lattice with the nearest-neighbor interactions of the "mean field." We consider first the unperturbed rate constants.
For convenience we choose io3 1 as a reference rate constant. Instead of using the five remaining constants in Fig. la as parameters, we introduce the set x2, x3, F, Ko, and Ko, where a = aooY,12 a = aoY{2
As 1Ay [6] [7] Here, fa, f, and fo are kinetic parameters (5-7), the pi are the The state probabilities at steady state are determined by (3, 5) pi = (a'K' + OK + a'f)/2; F = eX/kT = aoKo/laoKo30 [1] X2 = P2/Pi = (a oK + 'oKO + ao)/(aCOKO + KO + a'o) [2] X3 = P3/p1 = (aoKo + 1oKo + a'O/3)/(aIOKo + KO + a'o). [3] Here, X is the thermodynamic force (3), p9 is the probability of state i in the unperturbed steady-state system (3), and the xi are analogous to thermodynamic activities (4) (see also ref. As can be seen from Eqs. 7, Eq. 13 does not mean that wij (i. # j) is zero relative to infinite separation of i and j but rather that wjj is used as a reference value for the we.
From Eqs. 11 and 12, in this special case,
J aK= K/2, 2 = fK + af3 +cK.
[12]
Eqs. 51-53 of ref. 8 are a special case of these equations. Special One-Way Cycle Case for Numerical Examples. We make the following arbitrary parameter choices for our calculations in the next section (and in ref. actions (si > 1) produce an "autocatalytic" effect for each state i through the factors si". There is also a weaker effect of the same type ("preautocatalytic") from the preceding state in the cycle through the factors _ij1/2, Bifurcation Point for General One-Way Cycle. In the previous paper (1) we derived properties of the bifurcation point for the special case in Eq. 13. As mentioned there, the argument can easily be extended to a general one-way cycle (Eqs. 10-12). We give the results here without repeating the argument (1) . The value of Ko required for bifurcation is found to be [16] [17] 1181
The pi at the bifurcation point are pub)= 1/lnA, pb) = 1/lnC, pib)
Eqs. [16] [17] [18] [19] [20] reduce to our earlier results (1) Chemistry: Hill 1 -pb) = 2(a2 + 2a3)/(a2 -al)(al + 2a3).
[24]
We require that 0 < p(b) < 1 for i = 1,2,3 (six conditions). Consider first the condition pib) > 0. From Eq. 24, [25] By using an equality sign, this determines a curve a2(a3) in the we find from Eq. 25 a > 3 or s > e3 (see figure 7 of The Case 1000, 1, 1. Fig. 2 shows pi(x) curves for KO = 0.1, 1, and 10. Flux curves need not be included because in this case, from Eqs. 15, J(x) = Kop2(X).
In the KO = 0.1 case (Fig. 2a) The critical value of sI is e8 = 2981, whereas here sI = 1000.
Consequently, there is no transition. The pI and P2 curves cross at pi P2 1/2 and x KoSI' = 0.56.
For large Ko, state 2 becomes unimportant and P3/P1 XSF3/sI. This relationship is independent of Ko. The critical value of si is e4 = 54.6. The Pi and p3 curves cross at x _ si2. In the case Ko = 10, sI = 1000 (Fig. 2c) : (i) sI is supercritical and there is a phase transition; (ii) KO is not large enough for P2 to be negligible, though it is small; and (iii) F, and P3 cross at x = 17.2, whereas the KO a) limit is x = sI/2 = 31.6.
The case KO = 1 (Fig. 2b ) is intermediate and, in fact, close to critical. Because p3 is small up to the crossing of pi and P2, the relationship x KoS1/4 = 5.6 (above) gives at least the correct order of magnitude for the crossing point (x = 4.8).
The Case 1, 1000, 1. Probability curves are shown in Fig. 3 . Here the flux J(x) = p3(X). In the above example (Fig. 2) , a phase transition appears as KO increases. Here the opposite happens: a transition disappears with increasing x. State 3 is relatively small for KO < 1 (not shown). Thus, P2/P1 -XS42/lKO.
The critical s2is e4 = 54.6 and P2 = P1 at x_ KO/S12. Because S2= 1000 here, there is a transition for small KO. This transition persists at KO = S (Fig. Sa) .
At large KO (not shown), state 2 drops out and P3/P1 x (i.e., no interactions). There is no transition and P3 = pi at x 1. Fig.   Sc , with KO = 7, already suggests this type of behavior. Fig. 3b (KO = 5) is an intermediate case.
The Case 1, 1, 1000. Probability curves are given in Fig. 4 and the flux, in Fig. 5 [here, J(x) = xpl(x)]. This case differs from both of the above: as KO increases, a phase transition appears and then disappears.
At small KO, p3 -1 0 and P2/P1 _ X/KO. This noninteractive kind of behavior can be seen in Fig. 4a where KO = 0.05. For large KO, say KO> 1 (not shown), state 2 is unimportant and P/ -XSg,3/2, P3/P1 which is independent of K The critical value of s3is e8 = 2981, so there is no transition at S3 = 1000 (see Fig. 4d ). The crossing point, P1 = P3, occurs at x _s1/4 = 0.18 if s3 = 1000.
All For small KO, say KO < 1 (not shown), p3 is small and P2/P1 X(S2S112)P2/KoSI/2
The critical value of s2s 1/2 = e4= 54.6, whereas here s2s1/2 = 31,600. Thus, there is a very strong phase transition. The crossing point occurs at x_ KOS 114/s172 or, in this example, at x = 0.178 KO. Fig. 6a , with KO = 2, shows this behavior, approximately. For large KO, say KO> 50 (not shown), P2 is small and P3/P1 XSF3/s1.
The critical value of sI is e4; here si = 1000, so there is a transition. The crossing point is x = s1/2 = 31.6. In Fig. 6c , with KO only 20, the crossing point is at x = 13.2. After completion of the phase transition loop at any KO (i.e., for large enough x), pi is generally very small. Thus, in this region of the x axis, P2/P3 _ s2/2/Ko This is independent of x. This relationship thus accounts for the flat P2 and p3 curves on the right-hand side of Fig. 4 a-c; it also accounts well for P2/P3 in this region, which changes drastically with increasing KO.
The Case 1000, 1, 1000. Probability and flux (dotted) curves for KO = 0.1, 1, and 10 are presented in Fig. 7 . The flux scales are given in the figure caption.
When x and KO are both small (Fig. 7a, The critical value of s is e8/3 = 14.4. Hence we have a transition in the present case (s = 100). The crossing point is at x = Kol/4 = 0.316KO. Fig. 8a shows the case KO = 0.63. The transition mentioned above is the only one visible (we shall refer to this as the first transition), out to x = 2.5. However, in Fig. 8b (KO = 0.64) there is a strong second transition followed by an incipient third transition at x 1.43. As x increases, the three states dominate (largest pi) successively in the order 1, 2, 3.
Let us specify the location of the second transition in Fig. 8b (KO= 0.64) by noting that the three "fingers" formed by the pi curves end at x _ 2.17. As KO is decreased, this point recedes towards x = c. Thus, the fingers end (not shown) at x = 3.1 for KO = 0.638, at x = 5.2 for KO = 0.636, and at x = 18.7 for KO = 0.634.
In By KO = 2 (Fig. 10a) , the first transition has just been lost, whereas the third transition has changed from incipient to actual (i.e., there is a loop). State 2 has become less important. By KO = 4 (Fig. 10b) , the system behaves almost like a two-state (1 and 3) system. For large KO, with P2 very small, P3/P1 _ XS3P3/2/s. The critical s is again e8 3, and the crossing point occurs at x = S 1/4 = 3.16 (independent of KO). In Fig. 10b , the crossing point is at x _ 2.7.
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